Two-dimensional solutions of the electric current, magnetic field and magneto elastic stress are presented for a magnetic material of a thin infinite plate containing an elliptical hole with an edge crack under uniform electric current. Using a rational mapping function, the each solution is obtained as a closed form. The linear constitutive equation is used for the magnetic field and the stress analyses. According to the electro-magneto theory, only Maxwell stress is caused as a body force in a plate which raises a plane stress state for a thin plate and the deformation of the plate thickness. Therefore the magneto elastic stress is analyzed using Maxwell stress. No further assumption of the plane stress state that the plate is thin is made for the stress analysis, though Maxwell stress components are expressed by nonlinear terms. The rigorous boundary condition expressed by Maxwell stress components is completely satisfied without any linear assumptions on the boundary. First, electric current, magnetic field and stress analyses for soft ferromagnetic material are carried out and then those analyses for paramagnetic and diamagnetic materials are carried out. It is stated that the stress components are expressed by the same expressions for those materials and the difference is only the magnitude of the permeability, though the magnetic fields H x , H y are different each other in the plates. If the analysis of magnetic field of paramagnetic material is easier than that of soft ferromagnetic material, the stress analysis may be carried out using the magnetic field for paramagnetic material to analyze the stress field, and the results may be applied for a soft ferromagnetic material. It is stated that the stress state for the magnetic field H x , H y is the same as the pure shear stress state. Solving the present magneto elastic stress problem, dislocation and rotation terms appear, which makes the present problem complicate. Solutions of the magneto elastic stress are nonlinear for the direction of electric current. Stresses in the direction of the plate thickness are caused and the solution is also obtained. Figures of the magnetic field and stress distribution are shown. Stress intensity factors are also derived and investigated for the crack length and the electric current direction.
Introduction
In materials, there are some defects like cracks and voids; therefore, the investigation of structural integrity and material deterioration are important to magnetic materials exposed to electromagnetic field. Also in modern technology, electric current operates in components such as power semiconductor devices, large scale integrated circuits, and huge electromagnetic systems. Therefore, many magnetic stress analyses have been carried out. Some reviews for magneto-solid mechanics were given by Paria (1967) , Moon (1978 Moon ( , 1984 , Pao (1978) , Liang et al. (2002) and Fang et al. (2008) . Hasebe et al. also gave some references in (2007, 2008, 2009a, 2009b, 2010a, 2010b) . There are some models for the magneto stress analysis for soft ferromagnetic materials, i.e., Maxwell stress, pole, dipole, and Ampere current models (Moon, 1978 (Moon, , 1984 . As a pioneer work, Pao and Yeh (1973) developed a linear theory for a soft ferromagnetic elastic solids based on the magnetic dipole model.
From a mathematical point of view, Maxwell's equations require a solution of certain boundary value problems, which are essentially three-dimensional ones for the magnetic field. Generally speaking, because three-dimensional boundary value problems are more difficult than those of two-dimensional one, many problems have been modeled and analyzed as the two-dimensionalized problems. Though one of the most important things is to obtain the magnetic field in the magnetic material of two-dimension, it seems not to be easy to make the two-dimensional model of the magnetic field. However, when the plate is thin, the magnetic field in the plate with a hole can be obtained. Therefore, the analysis of the magnetic field is carried out for the thin plate and also plane stress analysis can be applied, because the plate is thin.
According to the electro-magneto theory, only Maxwell stress components are caused as the body force in the magnetic material; therefore, Maxwell stress is considered for the stress analysis. No further assumptions for the magnetic stress analysis are made except the assumption of the plane stress state that the plate is thin, though Maxwell stress components and the boundary condition are expressed by the nonlinear terms of Maxwell stress components. The analysis is straightforward and the results of the stress seem to be acceptable. Electric current gives rise to electromagnetic field, and then causes electromagnetic force, Joule heat, temperature increase, heat flux and thermal stress. In the previous paper, analyses of electric current, Joule heat, temperature, heat flux and thermal stress caused by steady state electric current in a thin infinite plate containing an elliptical hole (Hasebe et al., 2009a) and with an edge crack (Hasebe et al., 2010a ) and a strip with an edge notch or crack (Hasebe, 2010b) were reported. The magneto elastic stress caused by the magnetic field induced by electric current in a thin infinite plate with an elliptical hole is analyzed by Hasebe et al. (2009a) .
In the present paper, magnetic field due to electricity and then the magneto elastic stress caused by steady state electric current in a thin infinite plate containing an elliptical hole with an edge crack are analyzed. Intensities of the magnetic field component and stress intensity factors at the crack tip are obtained.
Hasebe et al. analyzed the magnetic stress in an infinite plate with a square hole with an edge crack (2001), or an arbitrary hole (2007) subjected to the uniform magnetic field in the plate. The relationship between the magnetic stress analyses of Hasebe et al. (2001 Hasebe et al. ( , 2007 and the present paper subjected to the magnetic field caused by the electric current is stated. One of the main reasons for the difficulty of solving the present problem is that it seems to achieve the two-dimensional magnetic field in the plate containing an elliptical hole with an edge crack under uniform electric current. Another issue may be that Maxwell stress components and the boundary conditions are expressed by nonlinear terms. In the present stress analysis, a dislocation and rotation terms appear, which also complicates the problem. The electric conductor is isotropic and homogenous in the plate. The plate is thin; therefore, it is assumed that the electric current density is uniform through the plate thickness. It is also assumed that the material constants do not depend on temperature.
Using a rational mapping function, closed form solutions are obtained for each problem of the electric current, magnetic field, and magnetic stress. To the best of our knowledge, though the present problem is one of the fundamental problems, it seems not to have been solved analytically.
Mapping function
The coordinate axes shown in Fig. 1 are denoted by x, y and z, respectively. The complex variable ''w" is defined as w = x + iy to avoid confusion for ''z" of the coordinates. The mapping function which maps the exterior of the elliptical hole containing an edge crack in the w-plane to the exterior of the unit circle in the f-plane shown in Fig. 2 is given by the following equation (Hasebe and Chen, 1996; Hasebe et al., 2010a) :
where e 1 ¼ c=a; k ¼ b=a
4ð1 þ e 1 Þ ðfor k ¼ 1; circular holeÞ
ð2a-eÞ
where a and b are the semi-axes of the elliptical hole, and c is the crack length. When a mapping function is a rational one, closed form stress functions are obtained (Muskhelishvili, 1963) . Because (1) is not a rational function, a rational mapping function is formed as a sum of fractional expressions to facilitate the basic requirement for a closed form solution. The rational mapping function is formed as
where n = 24 is used in this paper, and F 0 , F k (k = 1,2,. . ., 25) and F c are constants. Poles f k (k = 1,2,. . . , n) are located inside the unit circle. The formulation of this rational mapping function was stated in (Hasebe and Horiuchi, 1978; Hasebe and Wang, 2005) . When coefficients F k = 0 (k = 1,2,. . ., n), F 0 = (a + b)/2 and F 5 = (a À b)/2, the hole becomes an elliptical one where 'a' and 'b' are semi-axes of the elliptical hole. And the hole is a circle for a = b(k = 1), and a crack for b = 0 (k = 0). The magnitude of a radius, q, of curvature at the crack tip of (3) is q/a = 10 À9 À 10 À11 which depends on the crack length, and is very small. The radii of curvature at convex points K and H are also small, reaching zero for irrational mapping function (1).
One of the main merits using a rational mapping function is that stress functions achieved are exact ones for the geometrical shape represented by the rational mapping function. A rational mapping function of a sum of fraction expressions is also applied to any complicated configuration in principle (Hasebe and Horiuchi, 1978; Hasebe and Ueda, 1981a; Hasebe and Inohara, 1981b) . The technique can be also applied to a crack problem directly to calculate stress intensity factor.
Electric current analysis
The electric current analysis was stated in (Hasebe et al., 2010a) . Therefore, only the results are stated in the present paper. The electric current density is j 0 per unit area and the direction is d radian (see Fig. 1 ). When the electric potential function, / r (x, y), and the conjugate harmonic function / i (x, y) of / r (x, y) are introduced, the electric current density is expressed as follows: j x ðx; yÞ ¼ À@/ r ðx; yÞ=@x; j y ðx; yÞ ¼ À@/ r ðx; yÞ=@y ð4a; bÞ and the following electric complex potential function is defined:
CðwÞ ¼ / r ðx; yÞ þ i/ i ðx; yÞ ð 5Þ
where w is the complex variable. Using the complex potential function, C(w) = C(x(f)) C(f), the components of electric current are given by (4a,b) and (5) as follows:
The electric potential is derived from (5) as
The electric current is decomposed into states 1 and 2 shown in Fig. 3 . Then the electric complex potential function,C(f), to be achieved is expressed by the superposition of states 1 and 2, i.e.
CðfÞ ¼ C 1 ðfÞ þ C 2 ðfÞ ð 8Þ
where C 1 (f) and C 2 (f) are represented as follows:
where the constant term appearing becomes zero because C 2 (1) = 0 at the remote field. It is noticed that (10) can be also expressed by the irrational mapping function (1). The function, C(f), of (8) is then obtained as follows:
It is noticed that (11) is expressed by only F 0 in the mapping function; therefore, the rational mapping function (3) is not needed and the irrational (1) is applicable to calculate components of electric current for (6). The coefficient F 0 is obtained from (1) as
4. Analysis of the magnetic field for a soft ferromagnetic material
The magnetic field in the thin plate (jzj 6 h/2, material 2, see Fig. 1 ) is analyzed. Because a linear constitutive equation of the magnetic material is considered in this paper, the basic equations in the thin plate are expressed by the magnetic field intensity as follows:
The magnetic field intensity should satisfy the following condition at the remote field under uniform electric current:
H z ðx; y; zÞ ¼ 0 ðjxj ! 1; jyj ! 1Þ ð15Þ
In the space of air (material 1) surrounding material 2, the basic equations to be satisfied are (13) and (14) without the electric current terms. These equations must be solved under the following boundary conditions for normal and tangential components, respectively, at the entire surfaces S 1 , S 2 and S 3 between materials 1 and 2: 
, H
, l
(2) and B
(1) are the magnetic induction field, the magnetic field intensity and the magnetic permeability of materials 2 and 1, respectively; n is a unit normal vector at the interface. Eqs. (16a) and (16b) denote the continuity of the magnetic induction field normal to and the magnetic field intensity tangential to the interface, respectively. In (13), the surface current 
Stress state ( ) Stress state ( ) distribution has been neglected, because it is usually small and the electric current is assumed not to vary through the plate thickness in the present paper. The exact magnetic field problem is a three-dimensional one and is difficult to solve exactly; therefore assumptions appropriate for the type of material are made (Hasebe et al., 2008) i.e., permeability of a soft ferromagnetic material, l (2) , is much larger than that of air, l (1) , surrounding material 2; therefore, l
(1) /l (2) % 0.
4.1. Magnetic field H x (x, y, z) and H y (x, y, z) in material 2
The magnetic fields of H x (x, y, z) and H y (x, y, z) in the plate are caused by the electric current density j 0 and through the surfaces 1 and 2 with the electric current density j 0 h/a, respectively, as stated in (Hasebe et al., 2008) . In this case, the z component of the magnetic field intensity is H z (x, y, z) = 0 (jzj 6 h/2) in the whole plate, and the superscript (2) is omitted here. Therefore, the analyses with the electric current densities j 0 h/a and j 0 can be performed simultaneously, where the total current density is j 0 (1 + h/a).
In this case the basic equations that govern H x (x, y, z), H y (x, y, z) are expressed from (13c) and from (14) by where the both integral constants appearing are zero, because of anti-symmetry with respect to the middle plane of the plate, z = 0, and the subscript, ''a", is used in (19) to avoid confusion. On surface S 3 , the following boundary condition from (16a) must be satisfied under the condition l
/l (2) % 0:
The boundary conditions of (16a) on surfaces S 1 and S 2 have been already satisfied, because H z (x, y, z) = 0 (jzj 6 h/2). From the arguments mentioned above, this magnetic field problem is mathematically equivalent to the electric current problem (Hasebe et al., 2008) . Introducing the magnetic complex potential function A(w) = A(x(f)) A(f), the components of the magnetic field intensity are calculated from the following equation: H x ðx; y; zÞ À iH y ðx; y; zÞ ¼ ÀdAðwÞ=dw ¼ ÀA 0 ðfÞ=x 0 ðfÞ ð 21Þ
The boundary condition on surface S 3 (see Hasebe et al., 2007 Hasebe et al., , 2008 is expressed as:
where r denotes f on the unit circle in the f plane.
The components of the magnetic field intensity in (19) are expressed by function C(f) of (11) 
The constant term becomes zero because A 1 (1) = 0 at the remote field. Therefore, (24) is expressed as
From the equation above and (21), the magnetic field intensity components, H x (x, y, z) and H y (x, y, z), are calculated. It is also noticed that the only coefficient F 0 of the mapping function (3) is included as well as (11). The components of magnetic field intensity normal and tangential to the curvilinear coordinates expressed by the mapping function (3) are calculated by the following equation:
Magnetic field H z in material 2
The magnetic field intensity H z in material 2 is caused through surface S 3 from the outside of material 2. From the boundary condition of the magnetic field on surface S 3 for a soft ferromagnetic material shown in Fig. 4 , the magnetic induction field B n normal to surface S 3 can be assumed to be zero because l (2) ) l
(1) and the magnetic field intensity H z in the direction of the plate thickness arises on surface S 3 . Through surface S 3 , the component, H
z2 , is caused in material 2 by the electric current of state 2 in Fig. 3 where the component H ð2Þ z1 is zero in state 1 (Hasebe et al., 2008 ) and components H x , H y do not arise through surface S 3 . Because the components H ð2Þ z2 -0 and H x = H y = 0 must satisfy Maxwell equations in material 2, the following equations are obtained from (13a, b):
ð29a; bÞ where the subscript 2 of H z means the magnetic and electric components in state 2 in Fig. 3 and superscript (2) is omitted. The value h/a in (29) comes from the electric current density due to BiotSarvart law (Hasebe et al., 2008) . The following equation can be derived from (29):
B n= 0 Surface S1
Surface S2 Surface S3 where / r2 , / i2 are potential functions of electric current of state 2 (see Fig. 3 and (4) where the function, C 2 (w), is given by (10) and H z1 (x, y) = 0 (see Fig. 3 ).
Figs. 5 and 6 show the non-dimensional magnetic field distributions. The positive direction of H h is the counterclockwise direction in Fig. 5 . The H y values at the remote field approach to À1. At the crack tip, H y becomes infinity. At the corner K (H, see Fig. 1 ), the component H h is zero because the corner is convex. The H z values at the remote field approach to zero because the electric current becomes uniform. The crack tip is not a singular point for the H z value and the magnitude depends on the thickness of the plate (see (31) 
where l 0 = 4p/10
) is the magnetic permeability of free space (vacuum). Therefore, the H ð1Þ z value is extremely large around the hole.
Maxwell stress components and the property
In the present paper, the Maxwell stress is used for stress analysis of a soft ferromagnetic material (a linear magnetic material). The magnetic field influences the elastic body through the Lorentz body force in equilibrium equations as (Paria, 1967; Moon, 1984) 
where j is the electric current vector and B is the magnetic induction field vector. When the linear constitutive equation in which relation between the magnetic induction field B and the magnetic field intensity H is linear is considered, the body force is expressed by the following equation: 
and l is the permeability of the magnetic material and is expressed
where v is the susceptibility and a constant value for a linear magnetic material; therefore, the magnetic saturation and the hysteresis are not considered. In the following equation, the superscript 2 of l for material 2 is omitted except for special case. show Maxwell stress components symmetric and asymmetric to the z = 0 plane, respectively, of which mechanical properties under the electric current were investigated in (Hasebe, 2009b) . The results are briefly mentioned here. The stress compo-
in the z direction in Fig. 7a rises to the deformation of the plate thickness. The stress components except for 1=2l
in Fig. 7a apply in the z plane. The contribution of the components lH x H z and lH y H z in Fig. 3b to the shear deformation is small, because the result forces are zero when the plate thickness is thin, and the resultant moments by the components about the y and x axes, respectively, are zero.
From the statement above, when the plate is thin, s xz = s yz = 0 can be assumed, and the stress analysis is carried out as a plane stress state (generalized plane stress state) as well as a stress analysis of r z in the direction of the plate thickness.
Boundary condition of magnetic stress for a soft ferromagnetic material
The components of magnetic field intensity,H x , H y , in the plate (jzj 6 h/2) are given by (21) and (26), and H z (x, y)(=H z2 (x, y)) is given by (31). The discontinuity of Maxwell stress between materials 1 and 2 applies as external force to material 2. The magnetic induction field B n normal to the surface and the magnetic field intensity H t tangential to the surface between materials 1 and 2 must be continuous on the boundary surface (see (16a,b)); therefore,
; bÞ where the subscripts 1 and 2 correspond to materials 1 and 2. Maxwell stress on the surface with the unit normal vector n is presented by and the direction of the positive normal vector n is one from materials 2 to 1 on the surface. Considering (38), and
; bÞ the discontinuity of Maxwell stress between materials 1 and 2 is expressed as follows:
The magnetic stress T n applies from materials 2 to 1 normal to the surface of material 2. Therefore, the magnetic stress applied to material 2 is given by ÀT n . Each magnetic stress on surfaces S 3 , S 1 and S 2 (see Fig. 1 ) is presented as follows:
Boundary surface S 3
On surface S 3 , the magnetic field intensities are
ð41a; bÞ where (41a) is given by (20), and H h is the magnetic field intensity along the boundary surface (see (27)), and H z is the magnetic field intensity in the direction of the plate thickness on surface S 3 (see Fig. 4 ) and (31). The discontinuous magnetic stress on surface S 3 is given from (40) and (41) by the following equation:
This magnetic stress component applies on surface S 3 and contributes to the boundary condition of the plane stress state. The compo-
and lH x H y = lH y H x in Fig. 7a contribute to the plane elastic deformation and the magnetic stress on the boundary is given by (41). Because the plate thickness is thin, the shear stress components can be assumed to be s xz = s yz = 0. Therefore, a plane stress state is analyzed in the next section.
Boundary surfaces S 1 and S 2
The magnetic components on surfaces S 1 and S 2 from (16), (31), (21) and (26) are
These magnetic stress components contribute to the deformation of the plate thickness because the values of (43) are the same magnitude with the opposite directions on surfaces S 1 and S 2 , respectively.
The magnetic stress (40) on surfaces S 1 and S 2 of z = ±h/2 is Fig. 7a contributes to the deformation of the plate thickness. The variation of the magnetic momentum (equilibrium equation) on surfaces S 1 and S 2 is
where p z is the external force. The stress component r z is derived in Section 8. As mentioned in the previous section, the Maxwell stress components contribute to the deformation as the body force in the plate and the equilibrium Eq. (33) is divided into the following two equilibrium equations due to the contribution of Maxwell stress components to the deformation:
It is necessary to state that the out of plate bending due to the bending moment is not caused by Maxwell stress called Lorentz body force shown in Fig. 7 and also the magnetic force on the boundary (40). Naturally, this fact can be easily noticed from that the plate is symmetric to the z = 0 plane.
Analysis of plane stress problem
When the plate is thin and the stress components s xz = s yz = 0 are assumed, the following equations are solved under the boundary condition (42) as a plane stress problem:
For convenience, the plane stress analysis of (46) is divided into two stress states, i.e., stress states (a) and (b) as follows:
Stress state (a): The following Airy stress function F a (x, y) automatically satisfying (47) is introduced:
ð49a-cÞ
Then the magneto elastic stress components of (49), r xa , r ya , s xya , must satisfy the following compatibility equation as well as the equilibrium equation, because the corresponding deformation to the magneto elastic stress must be a single valued and continuous function:
where m is a Poisson's ratio of material 2 (Muskhelishvili, 1963) .
Substituting (49) into (50), a bi-harmonic homogenous equation is achieved. When the components of the mechanical elastic stress, r x , r y , s xy , are substituted into the compatibility equation, the biharmonic homogenous equation is also achieved because the magnetic field intensities H x (x, y, z), H y (x, y, z) are harmonic functions, and the same result is achieved (Hasebe et al., 2007) . The solution of the bi-harmonic homogenous equation is expressed by two analytic functions u a (w) and w a (w) as
The variation of the magnetic momentum on the boundary (stress boundary conditions) for stress state (a) are expressed using the term H 2 h in (42) by
ð52a-cÞ where l and m are the direction cosines of the exterior unit normal to the boundary; p x and p y are components of the external traction on the boundary. Using (49), and (51), the boundary condition (52) is expressed as follows:
The following functions using the mapping function (3) where r denotes a coordinate on the unit circle in the f-plane, and H r = 0 on the surface S 3 (see (20) and (27)). The external force p x = p y = 0 is taken without any loss of generality.
Multiplying dr/[2pi(r À f)] to (55), and carrying out Cauchy integration on the unit circle, the following equation is obtained and the derivation is given in Appendix A:
; bÞ where l
(1) can be neglected for soft ferromagnetic material compared with l
.
The unknown constant terms U 0 a ðf 0 k Þðk ¼ 1; 2; . . . ; nÞ are determined as follows: the first derivative of (56a) is substituted by f 0 j ðj ¼ 1; 2; . . . ; nÞ and the following n linear equations are then obtained: As mentioned in Appendix B, one of the most interesting things is that the stress states of (56), (58) and (59) (Hasebe et al., 2007; Hasebe, 2009b) . Therefore, if the magneto elastic stress state at the remote field can be obtained, the stress analysis of stress state (a) can be carried by usual stress analysis under uniform shear stress. Stress components in the direction of the plate thickness are expressed by a parabolic equation of the variable z.
The stress components r h , r r , s rh tangential and normal to the curvilinear coordinates expressed by the mapping function (3) are calculated from r h þ r r ¼ r x þ r y r h À r r þ 2is rh ¼ e 2ib ðr y À r x þ 2is xy Þ ð60a; bÞ where e 2ib is the square of (28).
Analysis of stress state (b)
The stress analysis is carried out in a similar way to stress state (a). The following Airy stress function F b (x, y) automatically satisfying (48) is introduced:
ð61a-cÞ
The magneto stress components above, r xb , r yb , s xyb , must satisfy the compatibility equation of the plane stress state (see (50) 
ð62a-cÞ
When the stress functions are expressed by U(f) and W(f), and after (61) 
The function, F dis , is a stress function corresponding to the dislocation functions and the physical meaning of the term 2@F dis =@ w denotes the resultant forces and displacement components. Because the stress and displacement components must be single valued and continuous, the dislocation terms are cancelled. The boundary condition due to stress functions, U b (f) and W b (f), to be achieved is as follows:
Multiplying dr/[2pi(r À f)] to the equation above and carrying out Cauchy integration on the unit circle, the following equation is obtained. Another stress function is obtained by analytic continuation of (65) 
Considering the dislocation terms, the stress components are expressed as follows: 
2ib ðr y À r x þ 2is xy Þ ð70a; bÞ where e 2ib is the square of (28). The term Im 2@ 2 F dis =@w@ w Â Ã expresses the corresponding term to the rotation.
The final plane stress states are obtained by the superposition of stress states (a) and (b). It is noticed from (56) and (66) that stress components for an arbitrary direction of the electric current cannot be obtained by the composition of stress components of individual current solution, for example, d = 0 and p/2. Figs. 10 and 11 show the stress distributions of stress state (b) due to the magnetic field intensity H z (x, y). These stress distributions are zero at the remote field, because H z (x, y) is zero there. At the points K and H (see Fig. 2 ), the stress components are zero for stress states (a) and (b), because they are convex points.
Stress analysis of r z
The stress component r z in the z direction is also caused by the Lorentz body force. Because the plane stress state (generalized plane stress state) is assumed from the discussion in Sections 5 and 6, the third equation of (33) is
After integrating the equation above, using the boundary condition (44) and (45) 
Stress distribution of r z is extremely large compressive stresses around the hole, because l
(1) is extremely small. The singularity of the order 1/r at the crack tip exists due to the term, H 2 x þ H 2 y . However, because the first term in (72) is extremely large, the term H 2 x þ H 2 y can be neglected.
Intensity factor at the crack tip
The electric current has a singularity of 1= ffiffi ffi r p at the crack tip. The intensity was investigated in (Hasebe et al., 2010a) . It is noticed from (21) that the magnetic field intensities H x (x, y, z), H y (x, y, z) have the same singularity as that of the electric current at the crack tip (Hasebe, 2009b where r is the distance from the crack tip and h is the angle measured in the counterclockwise direction. The intensity H f is obtained using the magnetic complex potential function A(f), (21), as follows:
; bÞ where k = 0 and f 0 is the coordinate at the crack tip, and f 0 = 1 in the present case. The e H f is the non-dimensional intensity. It is noticed that the intensity H f is maximum on surfaces S 1 and S 2 , i.e. z = ±h/2 and for d = 0, i.e., the electric current is parallel to the crack direction. Fig. 12 shows the non-dimensional intensity e H f versus the crack length c/a for some elliptical holes, and the line of e H feq is the intensity for the equivalent crack length 2a cr = (2a + c), and is defined as follows:
The difference among values e H f and e H feq shows the effect of the hole.
The magnetic field intensity H z (x, y) does not take any singularity at the crack tip (see (31)).
Stress components have a stress singularity at the crack tip. The stress intensity factors (SIF), K Ia , K IIa for stress state (a) are calculated by the following equations using (56) (Hasebe and Horiuchi, 1978) : 
/l (2) % 0 was used. The stress intensity factors distribute with a parabolic shape through the plate thickness. Mode I and II SIF changes with cos2d and sin2d for electric current direction, respectively. 13 shows non-dimensional SIF for stress state (a) and the line of e K Iaeq is that for the equivalent crack length 2a cr = (2a + c). The equivalent SIF is defined from that of a crack (Hasebe, 2009b) as follows:
ð77a-dÞ
The SIF increases with the crack length; therefore, once a crack starts to propagate, it does not stop. When the direction of the electric current is d = p/2, the K Ia takes the maximum value for each elliptical hole. When the value takes a maximum value at the surface, the stress state at the surface is severer than that in the middle of the plate. The Mode II SIF K IIa takes maximum value for d = p/4 and 3p/4. The difference between SIF and e K Iaeq shows the effect of the magnitude of the elliptical hole.
Stress components near the crack tip for stress state (b) are complicate because the singular values are caused by the dislocation term as well as the stress functions (see (68) and (69)). However the singular order at the crack tip of the dislocation term is 1= ffiffi ffi r p which rises from x 0 (f 0 ) = 0. The conventional functions of SIF regarding to the argument angle are not held. The components of SIF along the x-axis are expressed as follows:
The easiest way to obtain SIF is to calculate using the stress distribution as follows: 
The stress distributions and appropriate points f in the neighborhood of the crack tip are chosen. The factors e K Ibx ; e K Iby ; e K IIb are non-dimensional SIF.
Figs. 14 and 15 show the SIF of stress state (b). The K Iby and K Ibx take always positive values for any direction of the electric current, and it opens a crack, and increase with the crack length. Therefore once the crack starts to propagate, it does not stop. Larger the value b/a is, larger the SIF is. The K Iby is always larger than K Ibx . When the electric current direction is d = p/2 and 3p/2, the K Iby as well as K Ibx take the maximum values. The Mode II SIF is small compared with Mode I SIF and the effect on the crack length is small. The line of e K Ibeq in Fig. 14 shows SIF of the equivalent crack length 2a cr = 2a + c. The equivalent SIF is defined from that of a crack (Hasebe, 2009b) as follows: 
Finally, the stress intensity factors are obtained by the superposition of the stress states (a) and (b) and are the same order in magnitude, though SIF of stress state (b) in Fig. 14 looks much higher than that of stress state (a). This comes from the definition and it is noticed by the comparison of (77c) and (80a,b) for SIF of the equivalent crack length (Hasebe, 2009b) . Maxwell stress components in (35) have a singularity of 1/r at the crack tip. However as stated in Appendix C, the singularity of the order 1/r does not appear at the crack tip. For stress state (b), Maxwell stress component H 2 z ðx; yÞ does not include any singularity. However the stress component r z takes a compressive singularity of the order 1/r at the crack tip, but it can be neglected (see (72)).
Stress for paramagnetic and diamagnetic materials
It is interesting to state relationships of magnetic stress among paramagnetic, diamagnetic, and ferromagnetic materials. First the magnetic field in the plate of the paramagnetic, diamagnetic materials is investigated. The permeability l (2) of the paramagnetic and diamagnetic material is almost the same as that of material 1 (air),
. Therefore, from the boundary condition (16), the magnetic field in the plate of paramagnetic and diamagnetic materials is the same as that of the magnetic field of material 1 (air). Therefore, it is noticed that the magnetic field intensity does not depend on the permeability of materials 1 and 2, which means that the boundary between materials 1 and 2 (existence of material 2) does not influence on the magnetic field.
The analytical method for the present problem is the same as that of the elliptical hole (Hasebe et al., 2008; Hasebe, 2009b) ; therefore, the analytical method is stated briefly here. The magnetic field caused by the electric current is divided into two fields.
Field 1: When the plate thickness is thin, the magnetic flux due to Biot-Savart law is vertical to the plate (z = 0), and then it is assumed to be the magnetic components H x (x, y, z) = H y (x, y, z) = 0 and H z (x, y) -0 in the plate. The component H z (x, y) is derived from the Maxwell equation and the derivation is the same as that stated for the component H z2 (x, y) for a soft ferromagnetic material in Section 4. The result is H z2 ðx; yÞ ¼ Àðh=2iaÞfC 2 ðwÞ À C 2 ðwÞg ¼ H z ðx; yÞ ð 81Þ
where H z1 (x, y) = 0 (see Fig. 3 ) and the electric current density is given by j 0 h/a due to Biot-Savart law (Hasebe et al., 2008) . Field 2: The magnetic field in the plate is caused by the electric current in the plate. Then the magnetic components H x (x, y, z), H y (x, -y, z) can be directly derived from the Maxwell equation because H z (x, y) is cancelled each other and is neglected (Hasebe et al., 2008) , and the magnetic potential function and the components are One of the interesting things is that the stress functions above are the same stress functions as (55) and (58), and the stress state is the same pure shear stress Àðl ð1Þ À l ð2Þ Þj 2 0 z 2 F 0 e 2id =2 as mentioned in Appendix C and (H x À iH y ) 2 term does not appear in the stress components. The only difference is the magnitude of the permeability of l (2) when h/a in the term (1 + h/a) is neglected.
The magnetic fields H z (x, y) of (80a,c) are the same as that of (31) for stress state (b), and the boundary condition is also the same as (62). Therefore, the magnetic stress functions have the same form for paramagnetic, diamagnetic and soft ferromagnetic materials for stress state (b). The difference is only the magnitude of l (2) . From the discussion above, the stress functions for the all magnetic materials have the same form as that of each stress state (a) and (b). However the stress values of paramagnetic and diamagnetic materials are extremely small, because the magnitude of À(l (1) À l (2) ) is extremely small. For paramagnetic material,
) > 0 and for diamagnetic material, À(l
) < 0; therefore, the sign of the stress component is different. If to obtain the magnetic field of paramagnetic material is easier than that of soft ferromagnetic material, stress analysis may be carried out by using the magnetic field of paramagnetic material and can be applied to a soft ferromagnetic material. This fact was already stated in (Hasebe, 2009b) .
It is noticed that stress state (a) is derived from the real part of the electric potential function C(f) (see (5), (6), and (11)), and stress state (b) is derived from the imaginary part of the electric potential functionC 2 (f) (see (10) and (31)).
Though the stress components are expressed by the same stress functions for the case of l (2) ) l (1) and l (2) % l
(1) for a linear magnetic material, it is not sure whether the stress components for the magnetic material with the intermediate permeability are the same as those of soft ferromagnetic, paramagnetic and diamagnetic materials. To obtain the magnetic field for the intermediate permeability, the magnetic field problem of bi-material must be solved. However actual engineering magnetic materials have the
In a similar way to using (72), stress component r z for paramagnetic and diamagnetic materials can be derived and are different from those of soft ferromagnetic material, because H x and H y are different, but the magnitude of the stress for paramagnetic and diamagnetic materials is extremely small (see Section 8).
Conclusions
Using a rational mapping function, the analyses of the electric current, the magnetic field and the magnetic stress were carried out. The closed form solutions were obtained for each problem. If F k = 0 (k = 1,2,. . . , n(=24)) are taken in these solutions, the solutions for an elliptical hole can be obtained. When the semi-axes a = 0, b -0, and the crack length c -0, the solution of a T shaped crack can be obtained for each problem. If the coefficients of the mapping function (3) are changed, other geometric shapes can be analyzed, for examples, a square hole with a crack (Hasebe and Ueda, 1980) , and a kinked crack (Hasebe and Inohara, 1981b) . The radius of curvature at the crack tip is very small; therefore the stress intensity factor can be calculated directly.
According to the electro-magneto theory, only Maxwell stress is caused as a body force by electric current in the plate. Therefore, the magneto stress was analyzed subjected to Maxwell stress. The linear constitutive equation was used for the stress analysis which was carried out for soft ferromagnetic, paramagnetic and diamagnetic materials. As the result, the stress functions of those materials for plane stress state are the same form, though the respective magnetic fields H x , H y and j 0 and j 0 (1 + h/a) for the electric current density are different. This mechanical truth comes from a linear magnetic material. If to obtain the magnetic field of paramagnetic material is easier than that for soft ferromagnetic material, the stress analysis may be carried out using the magnetic field of the paramagnetic material and the solution can be applied for soft ferromagnetic materials.
The stress of r z is different for the respective materials. The stress r z in the plate is strong compressive stress around the hole for a soft ferromagnetic material (see (72)).
No further assumptions for the stress analysis using Maxwell stress have been made except the approximation of the plane stress state in which the plate is thin, though Maxwell stress components and the boundary condition are expressed by nonlinear terms. The boundary condition expressed by Maxwell stress (see (40)) is the precise one and is completely satisfied without any linearized assumptions on the boundary. The magneto elastic stress analysis using Maxwell stress is straightforward and acceptable. The magnetic fields in the plate consist of H x , H y caused through Surfaces 1 and 2 and caused directly by the electric current in the plate, and H z (x, y) caused through Surface 3 for soft ferromagnetic material. The magnetic field is essentially three-dimensional one; therefore, to obtain a precise two-dimensional magnetic field in the plate is necessary to analyze as a two-dimensional magneto elastic problem.
Stress state (a) caused by the magnetic field H x , H y is the same as the stress field under uniform shear stress (see Appendix B). Therefore, the stress functions of stress state (a) for a thin plate with a hole of an arbitrary shape under uniform magnetic field are given by the stress functions for uniform shear stress Àðl ð1Þ À l ð2Þ Þj 2 0 ð1 þ h=aÞ 2 z 2 =2 s 0 or superposition of stress states subject to tension in the direction of electric current and compression in the perpendicular to the electric current at the remote field. This fact comes from the electric force line of Faraday's law. Stress components for an infinite plate with an arbitrary shaped hole can be given by the results of (Hasebe et al., 2001 (Hasebe et al., , 2007 or pure shear stress analysis, for example, (Hasebe and Ueda, 1980) . The stress intensity factors for stress state (a) are given by (76). When the crack length becomes larger, the effects of the elliptical hole on SIF Mode I become smaller, but its effects on SIF Mode II remain (see Fig. 13 ). The stress components are changed by e 2id for the direction of the electric current; therefore, stress components and stress intensity factors for an arbitrary direction of the magnetic field cannot be obtained by the composition of individual stress components and stress intensity factors, for example, d = 0 and p/2.
Stress state (b) is caused by the magnetic field of state 2, H z2 (x, y) (see Fig. 3 ). The stress order of stress states (a) and (b) is the same one in the magnitude (see Figs. 8-11 ). The right hand side of (63) causes a dislocation term for the displacement components and the resultant forces (see (65) and Appendix C). Therefore, this dislocation term must be canceled in order that the displacement components and the resultant forces are single valued, and the rotation term appears in the stress component equations (see (70b)). Stress intensity factor on the x-axis is expressed by (79) and K Iby -K Ibx . The conventional function of SIF regarding to the argument of the angle h does not hold. The K Iby and K Ibx are always positive values for any direction of the electric current (see Fig. 15 ). The SIF K Iby increases with the crack length, therefore, once a crack starts to propagate, it does not stop. The intensity of magnetic field H f becomes larger with the crack length increasing. Magnetic fields H x , H y have a singularity of order 1= ffiffi ffi r p at the crack tip, but magnetic field H z (x, y) does not have a singularity at the crack tip and takes a finite value. Maxwell stress components H 2 x ; H 2 y have a singularity of order 1/r, and do not appear in the stress components; therefore the singularity of order 1/r does not appear in the stress components (see Appendix B). The magnetic field intensity H ð1Þ z ðx; yÞ is very large on the surface around a hole (see (32)).
The saturation of the magnetic field is not considered due to the assumption of the linear constitutive equation for the magnetic material. The linearized magnetic stress analysis can be seen as an analogue to the elastic analysis for the real elastic-plastic materials.
Appendix A. Derivation of (56) The conjugate of the integrand in the right hand side of (55) is expressed as follows:
x 0 ðrÞ
where F 0 ¼ F 0 , and ja k j < 1 (k = 1,2,. . ., 2n + 2) because x 0 (r) does not have zeros outside of the unit circle due to the property of the conformal mapping. The integral of the conjugate of (A1) is
where r ¼ 1=r was used. According to the identity of the second, third and fifth equalities of (A1), the following relations can be obtained by comparing the coefficients of r 2n+3 in the numerator and denominator, respectively:
f k ðA3a; bÞ and then the following equation is obtained:
Therefore, the third term in [ ] of (A2) disappears. Multiplying dr/[2pi(r À f)] to (55) using (A2), and carrying out Cauchy integration on the unit circle, and considering that 1= a k is outside of the unit circle, the following equation for the right hand side is obtained:
The constant term being appeared in (A5) is omitted because it relates to the displacement condition and does not to the stress components. A similar derivation was given in (Hasebe et al., 2001 (Hasebe et al., , 2007 , in which (A4) was used after Cauchy integral. In the present paper, (A4) was used before Cauchy integral.
Appendix B. Stress of stress state (a)
Substituting (58) into (59), it is noticed that the magnetic stresses are expressed by the following equations: 
The terms regarding to Maxwell stress terms of l(H x À iH y ) 2 in (58) and (59) are not included. It is also noticed that (B2) is the same as the stress functions of pure shear stress subjected to Àðl ð1Þ À l ð2Þ Þj 2 0 ð1 þ h=aÞ 2 z 2 =2 s 0 , or superposition of stress states subjected to tension in the direction of electric current and compression in the perpendicular to the electric current. The same thing above was mentioned in (Hasebe et al., 2007) , in which the plate with any geometrical hole is applied by uniform magnetic field at the remote field and the uniform magnetic field H 2 0 corresponds to j 2 0 ð1 þ h=aÞ 2 z 2 which is given by the electric current in the present paper (the definition of d is different in the respective papers). Therefore stress state (a) for the thin plate with a hole of an arbitrary shape under uniform electric current is given by using the result of Hasebe et al. (2007) .
Equations (B1) and (B2) are also directly derived from that because Maxwell stress terms in (47) disappear using Maxwell equation, the problem becomes a usual boundary value problem of the plane stress state under uniform pure shear stress at the remote field (Hasebe, 2009b) .
The singularity of the order 1/r of Maxwell stress does not appear at the crack tip, because (B1) and (B2) do not contain Maxwell stress components.
The respective integrations in the equation above are carried out.
(1) Term R ½C 2 ðrÞ 2 x 0 ðrÞdr f a ðrÞ. The function C 2 (r) is a holomorphic function in the outside of the unit circle, and the result of the integration is also holomorphic, and the following result by the Cauchy integral is obtained:
0 ðrÞdr f b ðrÞ. The integral is a little bit tedious and the result of the integration is as follows:
where f 0 k 1= f k . In the above equation, the points of f 0 k ; f 0 j ðk; j ¼ 1; 2; . . . ; nÞ are outside of the unit circle and the points of f k , f j (k, j = 1,2,. . ., n) are inside of the unit circle (see (3)). The log terms, log(f À f k ) (k = 1,2,. . ., n) and logf, have branches between the infinity and the points f k and between the infinity and the origin, respectively. The branches cross the boundary line of the unit circle. Therefore, the terms log(f À f k ) and logf cause the dislocations of the resultant force and also the displacement component. The term logðf À f 0 j Þ has a branch between the infinity and the point f 0 j , and the branch is in the outside of the unit circle and does not cross the boundary line of the unit circle. Therefore, the term logðf À f 0 j Þ does not cause the dislocation of the resultant force and also the displacement component. The terms, log[(f À f j )/(f À f k )] and log[(f À f k )/f], also do not cause the dislocation. The dislocation terms which cause the discontinuity of the resultant force and the displacement must be excluded, because they must be continuous and single valued. To cancel the dislocations, the following dislocation terms are considered from (C3): The result of the integration is as follows: 
